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A metric space X is ultra-m-separable if the weight of the Kateˇtov hull, E(X), of X is no
greater than m. It is shown that the collection of all nonempty ultra-m-separable subsets
of X is an ideal closed under taking the limit of its members with respect to the Hausdorff
distance. As an application of this, it is proved that if (K ,dK ) is precompact and (X,dX ) is
ultra-m-separable, then (K × X, D) is ultra-m-separable as well, where D is any metric
on K × X such that D((u, x), (u, y)) = dX (x, y) and D((u, x), (v, x)) = dK (u, v) for any
u, v ∈ K and x, y ∈ X . Bounded ultra-m-separable spaces are characterized by means of
their metrically discrete subsets.
© 2009 Elsevier B.V. All rights reserved.
Kateˇtov maps play an important role in studying Urysohn universal spaces and are important tools in extending isome-
tries. It turned out to be important to characterize metric spaces X for which the space E(X) of all Kateˇtov maps on X is
separable. This was done by Melleray [4]. These spaces have the so-called collinearity property, which was investigated also
by Kalton [2]. Combined results of Melleray and Kalton show that if X and Y are two metric spaces such that E(X) and
E(Y ) are separable, then E(X × Y ) is also separable, when X × Y is considered with the ‘maximum’ or the ‘sum’ metric in-
duced by the metrics of X and Y . In the opposite, E(R) (with respect to the natural metric on R) is separable, while E(R2)
is not, when R2 is equipped with the standard Euclidean metric. In this paper we shall show that if X is precompact and
E(Y ) is separable, then E(X × Y ) is separable with respect to any metric D on X × Y such that D((a,u), (a, v)) = dY (u, v)
and D((a,u), (b,u)) = dX (a,b) for all a, b ∈ X and u, v ∈ Y . Since the presented proofs can easily be adapt to nonseparable
spaces, all results are formulated and proved in general settings.
In this paper R+ stands for the set of all nonnegative reals. The Hausdorff distance induced by a metric d is denoted by
distd . Note that distd takes values in [0,+∞]. The weight of a topological space X is denoted by w(X). We call a metric
space (A,d) metrically discrete if there is ε > 0 such that d(x, y) ε for any two distinct points x and y of A.
We begin with
1. Deﬁnition. A Kateˇtov map on a metric space (X,d) is any function f : X → R+ such that | f (x) − f (y)| 
d(x, y) f (x)+ f (y) for each x, y ∈ X . The Kateˇtov hull of X is the space E(X) of all Kateˇtov maps on X , equipped with the
metric induced by the supremum norm, denoted by ‖ · ‖ (Kateˇtov maps on X may be unbounded, their difference however
is always bounded). Additionally, for each r ∈ [0,+∞], let Er(X) be the collection of all maps f ∈ E(X) with f (X) ⊂ [0, r].
For more on Kateˇtov maps the reader can see [3,5,1].
The space X is ultra-m-separable (where m  ℵ0) [ultraseparable] if w(E(X))  m [if E(X) is separable]. The collection
of all ultra-m-separable subsets of X is denoted by UmS(X) and US(X) = Uℵ0S(X). Additionally, U∗mS(X) and U∗S(X) are
the families of the appropriate nonempty subsets of X .
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is, it does depend on the metric on a metrizable space.
Ultraseparable metric spaces are characterized as follows:
2. Theorem. A metric space (X,d) is ultraseparable if and only if X has the collinearity property, i.e. if there is no inﬁnite subset A
of X for which inf{d(x, y) + d(y, z) − d(x, z): x, y, z are distinct points of A} > 0. Closed balls in the completion of an ultraseparable
space are compact.
The above result is due to Melleray [4]. Theorem 2 and the results of Kalton [2] concerning the collinearity property
imply in particular that:
3. Theorem.
(i) Let ‖ · ‖ be a norm on Rn such that there is a ﬁnite system of points {(a(s)1 , . . . ,a(s)n )}ps=1 of (0,+∞)n for which ‖(x1, . . . , xn)‖ =
maxs(
∑n
j=1 a
(s)
j |x j |). If (X1,d1), . . . , (Xn,dn) are ultraseparable, then the space (X,d) is ultraseparable as well, where X =
X1 × · · · × Xn and d((x1, . . . , xn), (y1, . . . , yn)) = ‖(d1(x1, y1), . . . ,dn(xn, yn))‖.
(ii) If ‖ ·‖ is a norm on Rn which is polyhedral (i.e. the closed unit ‖ ·‖-ball is a polyhedron), then the space (Rn,‖ ·‖) is ultraseparable.
In contrast, Kalton (in the previously cited paper) has also shown that if a norm ‖ · ‖ is not polyhedral, then (Rn,‖ · ‖)
does not have the collinearity property and therefore is not ultraseparable (while R clearly is). In particular, R2 with the
Euclidean metric is not ultraseparable. This shows that the Cartesian product of two ultraseparable spaces X and Y need
not be ultraseparable (for speciﬁc metrics on X × Y ). In the sequel we shall prove that if additionally one of the spaces X
or Y is precompact (i.e. is totally bounded or, equivalently, its completion is compact), then X × Y is ultraseparable with
respect to any metric which ‘preserves’ metrics of X and Y (see Corollary 8).
If A is a nonempty subset of a metric space (X,d) and f : A → R+ is a Kateˇtov map, then fˆ : X → R+ is the Kateˇtov
extension of f , given by fˆ (x) = infa∈A( f (a) + d(x,a)). Kateˇtov’s theorem [3] states that the map E(A) 	 f 
→ fˆ ∈ E(X) is
isometric.
From now on, m is a ﬁxed inﬁnite cardinal.
4. Proposition. Let (X,d) be a metric space. If C, D ∈ UmS(X), then C ∪ D ∈ UmS(X). More generally, if {At}t∈T (T = ∅) is a family
of ultra-m-separable subsets of X , then the set B =⋃t∈T At is ultra-n-separable, where n=mcard T .
Proof. It is enough to show that A =⋃t∈T At is ultra-n-separable. We may assume that each At is nonempty. Fix a ∈ A and
put ea : X 	 x 
→ d(x,a) ∈ R+ . Let R = {( ft)t∈T ∈∏t∈T E(At): supt∈T ‖ ft − ea|At‖ < +∞} be the space equipped with the
metric p(( ft)t , (gt)t) = supt∈T ‖ ft − gt‖. Then w(R) n. Indeed, if for each n and t ∈ T , Dn,t is a dense subset of the ball
B(ea|At ,n) ⊂ E(At) such that card Dn,t m, then the set D =
⋃
n1(
∏
t∈T Dn,t) is a dense subset of R with cardD n. Now
put R0 = {( f |At )t∈T ∈
∏
t∈T E(At): f ∈ E(A)}. The set R0 is contained in R, because the map f − ea|A is bounded for any
f ∈ E(A). Thus w(R0) n. Finally, the function R0 	 ( ft)t∈T 
→⋃t∈T ft ∈ E(A) is a well deﬁned continuous surjection and
therefore w(E(A)) n as well. 
The above result states that the family UmS(X) is an ideal of subsets of X which is closed under taking closures.
5. Lemma. Let U and V be two nonempty subsets of a metric space (X,d) and let g ∈ E(X). Then ‖(̂g|U ) − (̂g|V )‖ 2distd(U , V ).
Proof. Let x ∈ X and ε > 0. It is enough to show that (̂g|U )(x)− (̂g|V )(x) 2distd(U , V )+ε. Take v ∈ V such that (̂g|V )(x)
g(v) + d(x, v) − ε. Then we have: (̂g|U )(x) − (̂g|V )(x)  infu∈U (g(u) + d(x,u) − g(v) − d(x, v)) + ε  2 infu∈U d(u, v) + ε 
2distd(U , V ) + ε. 
Now we shall prove the main result of the paper.
6. Theorem. Let (X,d) be a metric space. If An ∈ U∗mS(X) (n 1) and
distd(An, A) → 0 (n → +∞) (1)
for some nonempty subset A of X , then A ∈ UmS(X).
Proof. Let C be the closure in X of
⋃∞
n=1 An . By (1), A ⊂ C . Let T0 be the subset of E(C) consisting of all Kateˇtov maps f
on C for which there are n  1 and g ∈ E(An) such that gˆ|C = f , and let T be the closure in E(C) of T0. It is enough to
prove that w(T0)m and T |A = E(A).
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and D =⋃∞n=1 Dn ⊂ T0. Clearly, cardD  m. We claim that D is dense in T0. Indeed, if f ∈ T0 and ε > 0, then there is
n 1 and g ∈ E(An) such that f = gˆ|C . Since Bn is dense in E(An), hence there is h ∈ Bn for which ‖h − g‖ ε. But then
hˆ|C ∈ D and ‖hˆ|C − f ‖ ‖hˆ − gˆ‖ = ‖h − g‖ ε.
Now let f ∈ E(A). Put Fn = f̂n|C ∈ T0, where fn = fˆ |An . By Lemma 5, ‖Fn − Fm‖  2distd(An, Am) and thus (Fn)n is a
fundamental sequence. Since the Kateˇtov hull is complete, hence there is F ∈ T such that limn→∞ ‖Fn − F‖ = 0. It remains
to check that F |A = f . Fix a ∈ A. We have: Fn(a) − f (a) = infx∈An ( fn(x) + d(x,a) − f (a)) = infx∈An [infb∈A( f (b) + d(b, x)) +
d(x,a) − f (a)] = inf b∈A
x∈An
( f (b) − f (a) + d(b, x) + d(x,a)). So,
Fn(a) − f (a) 2 inf
x∈An
d(a, x) = 2distd(a, An) 2distd(An, A) (2)
and f (b) − f (a) + d(b, x) + d(x,a)  −d(a,b) + d(b, x) + d(x,a)  0, which implies that Fn(a) − f (a)  0. This, combined
with (2), yields that |Fn(a) − f (a)| 2distd(An, A) → 0 and therefore F (a) = limn→∞ Fn(a) = f (a). 
For a metric space X , let
m[X] = sup{mκ : X contains a metrically discrete subset of power κ}.
The ﬁrst consequence of the above result is the following
7. Theorem. Let (X,d) and (Z ,) be two nonempty metric spaces. Let F : X → U∗mS(Z) be a uniformly continuous multifunction,
i.e. for each ε > 0 there is δ > 0 such that dist(F (x), F (y)) ε, whenever d(x, y) δ. Then the set T =⋃x∈X F (x) ⊂ Z is ultra-n-
separable with n=m[X] . In particular, if X is precompact, then T is ultra-m-separable.
Proof. Take a sequence (An)∞n=1 of metrically discrete subsets of X such that X =
⋃
x∈An B¯(x,
1
n ) for each n  1. Let Tn =⋃
x∈An F (x). By Proposition 4, w(E(Tn))m
card An ( n) and thus Tn is ultra-n-separable. Thanks to Theorem 6, it is enough
to show that
dist(Tn, T ) → 0 (n → +∞).
Let ε > 0. Since F is uniformly continuous, hence there is m 1 such that dist(F (x), F (y)) ε whenever d(x, y) 1m . Let
n m and t ∈ T . Take x ∈ X for which t ∈ F (x). There is y ∈ An such that d(x, y)  1n and therefore dist(F (x), F (y))  ε.
This yields that dist(t, F (y)) ε. So, since F (y) ⊂ Tn , thus dist(t, Tn) ε. But this, combined with the connection Tn ⊂ T ,
gives dist(T , Tn) ε for each nm, which ﬁnishes the proof. 
If d and  are metrics on sets X and Y , respectively, then we say that a metric D on X × Y is d--preserving if
D((x,u), (x, v)) = (u, v) and D((x,u), (y,u)) = d(x, y) for any x, y ∈ X and u, v ∈ Y . It is not required that a d--preserving
metric on X × Y induces the product topology.
8. Corollary. Let (X,d) and (Y ,) be two (nonempty) metric spaces and let D be a d--preserving metric on X × Y . If (Y ,) is
ultra-m-separable, then (X × Y , D) is ultra-n-separable with n = m[X] . In particular, if (X,d) is precompact, then (X × Y , D) is
ultra-m-separable.
Proof. Let F : X → P(X × Y ) (P(X × Y ) is the power set of X × Y ) be a multifunction deﬁned by F (x) = {x} × Y . Since
D is d--preserving, therefore F (x) is isometric to Y for each x ∈ X and distD(F (a), F (b))  d(a,b) for every a,b ∈ X . So,
F : X → U∗mS(X × Y ) is uniformly continuous. Now Theorem 7 ﬁnishes the proof. 
Now we shall give examples dealing with Theorem 7. Let us agree that if F is a multifunction from a metric space (X,d)
to the power set of a metric space (Y ,), then (X,d) and (Y ,) are called the domain and the underlying codomain of F ,
respectively.
9. Examples. In the three examples stated below F is a multifunction given by the formula F (x) = {x}. The domain and the
underlying codomain of F shall be described. Note that whatever they are, F (x) is always ultraseparable.
(A) Let (X,d) be a separable metric space which is not ultraseparable (e.g. X = N and d = the discrete metric on N).
There is a metric  on X , compatible with the topology of X , such that (X,) is precompact. Let (X,) and (X,d)
be the domain and the underlying codomain of F , respectively. The multifunction F is continuous, i.e. for each x ∈ X
and ε > 0 there is δ > 0 such that distd(F (x), F (y))  ε whenever (x, y)  δ. However, the set
⋃
x∈X F (x) = X is
not ultraseparable (with respect to the metric d). The example explains that the assumption of Theorem 7 that F is
uniformly continuous is essential.
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and the underlying codomain of F . In that case F is uniformly continuous, (N,d) is ultraseparable, while (N,) is not.
The example shows that if the domain X of a multifunction F is not precompact, then the union
⋃
x∈X F (x) may not
be ultra-m-separable even if X and each F (x) are.
(C) Let (A,d) be a discrete metric space of cardinality m  ℵ0 and let (A,d) be both the domain and the underlying
codomain of F . Again, F is clearly uniformly continuous and, by Theorem 7, (A,d) is ultra-(ℵ0)m-separable. But (ℵ0)m =
2m and w(E(A)) = 2m . This example shows that the claim of Theorem 7 cannot be improved in general.
Theorem 6 implies the following
10. Proposition. If (X,d) is an inﬁnite metric space and (An)∞n=1 is a sequence of metrically discrete subsets of X such that
X =
⋃
a∈An
B¯
(
a,
1
n
)
for each n, then w(E(X)) = supn w(E(An)) =
∑∞
n=1 w(E(An)). In particular, w(E(X)) 2[X]  2w(X) .
The foregoing result shows that it is enough to study the weights of the Kateˇtov hulls of metrically discrete ones.
In case of a bounded metric space X the weight of E(X) can be easily computed. Namely,
11. Proposition. If (X,d) is a bounded inﬁnite metric space and r ∈ ( 12 diam X,+∞], then w(Er(X)) = 2[X] . In particular, Er(X)
and E(X) have the same weight.
Proof. By Proposition 10, it suﬃces to show that w(Er(X)) 2card A for each metrically discrete subset A of X . Take such a
number δ ∈ (0, r − 12 diam X) that d(x, y) δ for every two distinct points x and y of A. Observe that if f : A → {r, r − δ},
then f is Kateˇtov and so is f ∗ = min( fˆ , r). Moreover, f ∗ coincides with f on A. It is easy to see that the map {r, r − δ}A 	
f 
→ f ∗ ∈ Er(X) is isometric. So, the notice that the set {r, r − δ}A is metrically discrete and of cardinality 2card A ﬁnishes
the proof. 
Proposition 11 gives a simple formula for the weight of the Kateˇtov hull of a bounded metric space. The unbounded case
is more complicated in general and we shall only prove the next few results on them. To do this, we recall that an inﬁnite
cardinal m has countable coﬁnality if there is a sequence (mn)n of cardinals less than m such that m= supnmn (otherwise m
has uncountable coﬁnality).
12. Proposition. Let X be an unbounded metric space. If X contains no metrically discrete subset of cardinality w(X) or if X contains
a bounded metrically discrete subset of cardinality w(X), then w(E(X)) = 2[X] .
Proof. Note that for each n < m there is a bounded metrically discrete subset A of X such that card A  n and apply
Propositions 10 and 11. 
Since every inﬁnite metric space X whose weight has uncountable coﬁnality contains a bounded metrically discrete
subset of cardinality w(X), thus the above result implies the following
13. Corollary. If the weight of an inﬁnite metric space X has uncountable coﬁnality, then w(E(X)) = 2w(X) .
Note that every inﬁnite cardinal λ which is not limit or which is of the form κn , where κ  2 and n is inﬁnite, has
uncountable coﬁnality and therefore Corollary 13 gives a simple formula for w(E(X)) in case of a metric space X such that
w(X) = λ.
We end the paper with the following result, which can be deduced from the part of the proof of Theorem 2.8 of [5].
14. Proposition. If (X,d) is an inﬁnite metric space such that
inf
{
d(x, y) + d(y, z) − d(x, z): x, y, z are distinct points of X}> 0,
then X is ultra-n-separable with n= 2card X .
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